Abstract: Classical central limit theorems, culminating in the theory of infinite divisibility, accurately describe the behaviour of stochastic phenomena with asymptotically negligible components. The classical theory fails when a single component may assume an extreme protagonism. The early developments of the speculation theory didn't incorporate the pioneer work of Pareto on heavy tailed models, and the proper setup to conciliate regularity and abrupt changes, in a wide range of natural phenomena, is Karamata's concept of regular variation and the role it plays in the theory of domains of attraction, [8] , and Resnick's tail equivalence leading to the importance of generalized Pareto distribution is the scope of extreme value theory, [13] . Waliszewski and Konarski discussed the applicability of the Gompertz curve and its fractal behaviour for instance in modeling healthy and neoplasic cells tissue growth, [15] . Gompertz function is the Gumbel extreme value model, whose broad domain of attraction contains intermediate tail weight laws with a wide range of behaviour. Aleixo et al. investigated fractality associated with Beta (p,q) models, [1], [2] , [10] and [11] . In this work, we introduce a new family of probability density functions tied to the classical beta family, the Beta * (p,q) models, some of which are generalized Pareto, that span the possible regular variation of tails. We extend the investigation to other extreme stable models, namely Fré chet's and Weibull's types in the General Extreme Value (GEV) model.
Introduction
Power laws have a natural connection with fractals and chaotic dynamics, as explained in detail in [14] . But on the other hand, power laws have an important smoothing effect, since power laws like behaviour is at the root of Karamata's regular variation, [8] , a theory that became an important tool in many branches of Mathematics, [5] . Since Feller, [6] , observed that Doeblin's and Gnedenko theory of the domains of attraction of the additive stable laws could be simply rephrased in Karamata's framework, slow variation and regular variation became the election tool in characterizing domains of attraction, letting De Haan, [7] , achieve a complete characterization of domains of attraction for stable extreme value laws, Bingham solve a more general problem of domains of attraction of generalized convolution algebras, [4] , and Kozubowski and Rachev characterize geometric-stable domains of attraction, [9] . No one, as far as we are aware, pointed out that weak convergence of types problems in Probability theory are connected to the renormalization group theory in Mathematical Physics, and that the appropriateness of the regular variation theory to deal with domains of attraction is a side-effect of the self-similarity resulting from power laws and scaling. In here we shall try to bring together similar ideas that, having been developed in diverse fields, seem so far to be strangers to each other. Namely, we shall use an extension of the beta function and of beta densities to develop an extension of Verhults growth model leading to the Gompertz function -which, in fact, plays an important role in extreme value theory, where it is known as Gumbel distribution function. The Gumbel extreme stable law has in its domain of attraction laws both with infinite right endpoint and with finite right endpoint. In fact, laws in the Gumbel model domain of attraction aren't heavy tailed, and this can be a serious drawback for the Gompertz growth model proposed by Waliszewski and Konarski as a cancer growth model, [15] . A simple extension of the differential equation whose solution is the Gompertz function leads to the Fré chet extreme value model, which for some values of the malthusian parameter can be very heavy-tailed. Observe that the introduction of a generalized Pareto densities family, first described by Pickands, [12] , is at the core of a presentation of extreme value theory in a POT (Peaks over Thresholds) setting; the paretian laws are the stable elements in this approach, and once again quasi-power functions are substantive in characterizing domains of attraction, and Resnick's tail equivalence is the key concept tying the two theories, [13] . In section 2, we introduce a family of probability density functions tied to the classical beta family. In fact, a Beta(p,2) probability density function can be viewed as the truncation of the MacLaurin series expansion for the models Beta * (p,2) we investigate. We focus our interest in the Beta constructing an extension of the Verhulst model, that show that stable laws for maxima provide a natural framework to study growth when some external behaviour is expected as in the case of cancer growth. In section 3, we present a bare sketch of the dynamical behaviour of the models based on Beta * (p,q) laws, focusing once again on the 2   q p case, due to space restrictions. Finaly, in section 4, we point out how these models are connected to generalized mixtures of power functions, a fact that seems to be at the core of the fractal and ultimately chaotic behaviour of the iterates of the difference growth model for non-overlaping generations.
An extension of the Beta densities, and Gompertz growth model
The Verhulst growth model has a prestigious history in population dynamics, and the developments of fractal geometry in the XXth Century enlightened some curious features, such has chaotic behaviour followed by extinction, when the malthusian reproduction rate r is "large" in the logistic parabola
is proportional to the Beta(2,2) density, the authors investigated, [1] , [2] , [3] , [10] , and [11] , the dynamical behaviour of functions
densities, discovering namely that interesting chaotic patterns of behaviour were closely related to the generalized skewness and kurtosis functions -i.e., to the standardized third and fourth central moments of the model, [3] . In here we use a non-trival extension of Euler's Beta function
to extend the Verhults growth model. 
Now, we consider a natural extention of the logistic parabola growth model inspired in this new 2,2 h probabilistic model, namely
is the Gompertz growth model. A similar observation is made in [15] . Observe, also, that
 is the widely used extreme value Gumbel model. Further observe that the solution of );
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Note that these maps   In Fig. 3 below, we exemplify the bifurcation diagrams corresponding to the unimodal family
, diagrams are in essence similar, with some non-utterly dramatic changes in shape and scale. In Fig. 4 we can see a 4-periodic orbit for the map proportional to the 2) (2, * Beta model. 
4.
  q p, * Beta models as signed mixtures of power functions
In section 2, we have seen that the probability density function 2,2 h is a convex mixture of the
densities. On the other hand, using the binomial expansion of the factor
probability density function is a signed mixture -in the sense that the sum of the weights is 1,
although odd indexed weights are negative and even indexed weights are This is at the core of the duality observed in the growth of populations -for instance populations of neoplasic cells in tumours -as modeled by regularly varying tailed distributions and the correponding asymptotic extreme value laws: each positive even component influencing the exponential growth rate is moderated by the retroaction of the next negative odd term. The relevance of power laws in fractality and chaos is well-known [14] , and the connection with regular variation is evident. Our more versatile family of model inherits and amplifies the interplay between malthusian growth term and retroactive term of the logistic parabola, which results in an interesting heavy and light tail equilibrium result.
